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Firm dynamics: facts
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Definitions
Establishment /plant: a fixed physical location of economic
activity
Firm: all establishments under control of the enterprise

Firm size:

® “Base year”: number of employees n;; at start of given period ¢
® “Current year”: simple average of number of employees between
periods t and ¢t — 1

Firm size growth rate, g

g Mgt — Ngt—1
it = T
X

where X;; is the average firm size in the current year:

Nit + Nig—1

Xit = 5
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Gross job flows

® Job creation rate

Zln >n, (nit — nig—1) X;
JC _ Mgt >Njt—1 — ot max 07 )
! Zz Nit—1 ; Zz Xit { gn}

—> employment gains summed over all establishments that
expand or start up between ¢t and ¢t — 1

® Job destruction rate

JD; =

it
0 .
> Mit—1 > Xt max{0, =gt}

— employment losses summed over all establishments that
contract or shut down between ¢ and ¢t — 1

e Job reallocation: JR; = JC;+ JD;

Zi:nit<nit_1 (nit—l - n’it) B Z X;
)
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Firm turnover
Let Fj; be the measure of firms at time t. Let 1%, and 1}, be two
indicator functions for firm entry and exit at time t.
Measuring firm entry

CFL(16 =1
Buy, - 6=
i Lit—

Measuring firm exit

F1|1% =1
EXitt — ZZ it 1[ 1t ]
> Fit

Firm turnover: Entry; + Exit;
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Data

Business Dynamics Statistics (BDS)
® Tt is made from Longitudinal Business Database (LBD) and it is
public data. It includes the numbers of firms and establishments, firm
age distribution, employment distribution, entry/exit, job creation
and job destruction rates.

Statistics of U.S. Businesses (SUSB)

® |t is public data. It includes annual numbers of firms, establishment,
employment, and annual payroll by location (states, MSAs) and
industries (3-digit NAICS)

Quarterly Census of Employment and Wages (QCEW)

® Tt is made from the Business Employment Dynamics Dataset (BED)
and it is public data. It reportes quarterly count of employment and
wages reported by employers, available at the county, MSA, state and
national levels by industry

Job Openings and Labor Turnover Survey (JOLTS)
® Monthly data from a sample of approximately 16,000 U.S. business
establishments. Asks job openings (vacancies), hires, separations,
quits, layoffs
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Firm/establishment demographics

# firms 5.32 mil 4 establisthments 7.15mil

Average size  24.75  Average size 18.22
JC rate 11.87%
JD rate 10.17%
Entry rate 9.23%
Exit rate 8.49%

Source: Business Dynamics Statistics
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Size distribution
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Source: Business Dynamics Statistics 2019
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Age distribution
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Source: Business Dynamics Statistics 2019
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Taking stock

® There are about 5mil firms, comprising 7mil establishments
overall

® More than 20% of employment is accounted by establishments
with more than 500 employees

® On the other hand, establishments are mostly small
® around 70% of establishments have less than 10 employees
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Job Reallocation, by size
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Source: Business Dynamics Statistics 2019
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Job Reallocation, by age
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Source: Business Dynamics Statistics 2019
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Turnover, by size
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Taking stock

e Large amount of job/firm churn each year

® 17% of all firms are either new or shut down
® on average, 22% of all jobs are either new or destroyed
® 40% of job creation/destruction driven by firm turnover

e Large differences heterogeneity across firms

® young and small firms account disproportionally for job
reallocation
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Decomposing productivity growth

® Baily et al (1992) productivity growth decomposition:
log Ay = Z 0; log A
i

where 6; is the output share of plant—i in the market

AlogA; = Z Oir—1[log Ayt —log Ajr—1] + 2[9“ — 0i1—1]1log Ay

i€l 1€T
within between
+) Oilog A — Y 0i1log Ay
i€€ i€EX
entrants exiters
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Contribution of reallocation to firm productivity

e Foster, L., J. Haltiwanger, and C. John Krizan. 2007.
Aggregate Productivity Growth: Lessons from Microeconomic
Evidence. University of Chicago Press.

® US Manufacturing firms, 1978-1988
® Reallocation of resources across heterogeneous establishments
engine of aggregate productivity growth:
® changes in market share across continuing establishments
accounts for 20-30% of aggregate productivity growth
® entry and exit dynamics accounts for more than 30% of
aggregate productivity growth
® establishments-level growth in productivity accounts for 40% of
aggregate productivity growth
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Contribution of net entry to productivity growth
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Relative productivity of young and old establishments
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Productivity versus Profitability

e FOSTER, Lucia; HALTTWANGER, John; SYVERSON, Chad.
Reallocation, firmturnover, and efficiency: Selection on
productivity or profitability?. AmericanEconomic Review, 2008,
98.1: 394-425.

® Notation:

® g;: quantity produced by firm &

® p,: price charged by firm 4

® x,;: input expenditure by firm ¢

® r;: revenues of firm 4, equal to ¢;p1
® Physical Productivity: TFPQ; = £

® Revenue Productivity: TFPR; = Bt

Zq
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Selection

® Firm-level probit of exit dummy 17;,; on productivity, prices and demand
shock, with industry-level controls, X

151 = a+ Byt + 0 X + €t

TABLE 6—SELECTION ON PRODUCTIVITY OR PROFITABILITY?

Revenue TFP —0.061
(0.013)
Physical TFP —0.035 —0.059 —0.034
(0.012) (0.014) (0.012)
Prices —0.030 —0.076
(0.018) (0.021)
Demand shock —0.030 —0.029
(0.004) (0.004)
Capital stock —0.046  —0.046 —0.046 —0.046 —0.023 —0.046 —0.023

(0.003) (0.003) (0.003) (0.003) (0.004) (0.003) (0.004)

Note: These results are from various probits of plant exit by the next census (shown by column) on plant-level produc-
tivity, price, demand, and capital stock measures (shown by row), as well as a full set of product-year fixed effects. The
sample is our pooled sample of 17,314 plant-year observations (355 observations from the main sample are excluded
because we cannot determine exiting plants in the 1997 CM, the final year of observation). Standard errors, clustered
by plant, are in parentheses.

Source: Foster, Haltiwanger and Syversion (2008)
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TaBLE T—DECOMPOSITION OF INDUSTRY PRODUCTIVITY GROWTH OVER FIVE-YEAR HOR1ZONS

Productivity growth

Productivity Total Components of decomposition (BHC/FHK)
measure growth Within Between Cross Entry Exit Net entry
Revenue 513 3.34 —0.52 1.39 073 0.19 093
Physical 513 3.44 —0.41 0.76 1.23 0.12 1.35
Components of decomposition (GR)
Within Between Entry Exit Net entry
Revenue 5.13 4.03 0.16 0.55 0.39 0.94
Physical 5.13 3.82 —0.05 1.04 0.32 1.36

Notes: This table shows decompositions of industry-level productivity growth for three different productivity measures
(shown by row) using equations (12) and (13) in text. The column labeled “Total Growth” reflects the weighted average
five-year productivity growth for the industry. The remaining columns reflect the individual terms in the decomposi-
tion. Weights used in decompositions are revenue weights. Average industry revenues across the sample are used to
calculate the results for the average industry. See text for details.

Source: Foster, Haltiwanger and Syversion (2008)

25 /79



Taking stock

® Job reallocation drive productivity growth
® reallocation due to continuing establishments and net-entry
explains almost 60% of productivity growth in the
manufacturing sector
e Entry-exit dynamics related to productivity growth

® young surviving firms are more productive than old incumbents
on average, and 5 years after entry

e Exit selection based on price

® higher prices reflect both demand and cost/productivity factors
® higher survival rates when they reflect idiosyncratic demand
® lower survival rates if they reflect higher costs/lower productivity.
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Who creates jobs? Small firms?

¢ Birch, David GW. 1987. ”Job creation in America: How our
smallest companies put the most people to work.” University of
Illinois at Urbana-Champaign’s Academy for Entrepreneurial
Leadership Historical Research Reference in Entrepreneurship

® (Old view: small firms most important for job creation

® firms < 20 employees account for 2/3 of all new jobs
® firms < 100 employees account for 4/5 of all new jobs
® but, 98 percent of all firms have less than 100 workers

e Many countries have policies in support of small firms

e Small Business Administration in the US: “We recognize that
small business is critical to our economic recovery and strength,
to building America’s future, and to helping the United States
compete in today’s global marketplace.”
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Who creates jobs? Young firms!

e Haltiwanger, J., R.S. Jarmin, and J. Miranda. 2013. ”Who
creates jobs? Small versus large versus young.” Review of
Economics and Statistics. Vol.95 N.2 pp.347-361.

e Haltiwanger, J. et al. 2016. ”"High growth young firms:
Contribution to job, output and productivity growth” in
”Measuring Entrepreneurial Businesses: Current Knowledge
and Challenges”. Ch.1 pp.11-62

® Young firms, not small firms, are important for job creation and
employment growth

® Once controlled for firm age, there is no systematic relationship
between firm size and growth
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Output and employment growth
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Taking stock

® Young, not small, firm engine of growth
® _..but median young firm does not grow at all!

¢ High-growth young firms, “gazelles”, account for about 10% of
firms, but responsible for
® more than 20% of firm-level gross job creation
60% of aggregate job creation
40% of aggregate productivity growth
50% of aggregate output growth

e Sterk, V, P. Sedlacek, and B. Pugsley. 2021. ”The nature of
firm growth.” American Economic Review. Vol.111 N.2
pp.547-79.

® are these “gazelles” different? yes!
e differences across firms driven by ex-ante heterogeneity rather
than ex-post shocks affecting incumbents
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A law of the firm size

Pareto distribution for random variable x
® Survivor function: Pr[n > a] = ¢

CDF: Prn<z]=F(x)=1—2"°¢

PDF: f(z) = ex—¢7!

first kK moments well defined if € > k

Firm-size distribution well approximated by a Pareto
distribution with € ~ 1 (thick tail)

Zeta distribution is the discrete analogue of the Pareto

Zipf’s law: frequency of observation inversely proportional to

rank (word-use, city-size, firm-size, ...)
® zeta distribution with e = 1
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Zipf’s law applied to firm size
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Zipf’s law applied to establishment size
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A statistical model of firm growth

Gibrat-s law: individual firm growth rates independent of size

® supported by evidence, at least for enough big firms
(Haltiwanger et al. 2013)

Fixed population of firms ¢ = 1,2, ...N with size n}
® average firm size: m; = % > Mt
® normalized firm size: S} = ny/m;

Suppose: SftH = ~iS! with random growth: v} ~ iid f(y)

S? . .
Growth g = g—fl is independent of current size
it
Survival function: Hy(z) = Pr[Si > z]
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A statistical model of firm growth

e [Law of motion:

Hypi(x) = PrlSiyy > o] = Priyjs) > o] = Pr{s} > =]
t
= /0 Hy (:) f(y)dy

® Stationary condition: a stationary solution (if it exists) satisfies

Hy 1(x) = Hy(z)=H(z) Vt

— 1w = [T 1 () 0m

® [s the Pareto distribution for firm-size consistent with a
stationary solution? Yes!
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A statistical model of firm growth

® Guess: H(z) = Pr[S! < x] = ko~

® Substitute it back to the stationary condition

1=/0 Y ()dy

which pins down the Pareto exponent € as a function of f.

® Assume f is such that the average normalized size constant
i oo
— Elil= [ /)y =1
0
then e =1 (Zipf’s law!)

® Proof for existence: Luttmer, E. 2007. ”Selection, growth, and
the size distribution of firms.” The Quarterly Journal of
FEconomics Vol.122 N.3 pp. 1103-1144.
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employment share, by firm size
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Size distribution: Is € ~ 1 in the data?

® Recall that the pareto distribution for firm size n implies
Fx)=Prn<z]=1-2"° and f(z)=ex <!

e With measure M producers, total employment at plants in any
size between n1 and n. equal to

Me

ok = g

€

Llnsnaie) = [ af()ds -

® Implication: the share of the workforce employed at plants in
the size between n; and n, equal to:

L(nla n2; 6) _ [nlfe 176]

s(n1, i €) = L(1, 005 €)
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Size distribution: Is € ~ 1 in the data?

® Measure s(ny,n2) in the BDS data for selected ny and ng

e Use the implied share of workforce to back out an estimate for €

Size interval ~ Employment  Estimate:

[n1,no) share, s(ni,n2) €
1-4 0.062 1.046
5-9 0.074 1.176

10-19 0.103 1.383
20+ 0.761 1.092

Source: Business Dynamics Statistics

e Tybout, James. 2014. ”The missing middle, revisited.” Journal
of Economic Perspectives. Vol.28 N.4 pp. 235-36

® Cross country comparison in firm size distribution
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Taking stock

e US firm size distribution characterized by
® a stationary size distribution
® however dynamism might change!

® Gibrat’s law

® 1ot necessarily true for certain parts (e.g. young firms), e.g.
Haltiwanger et al. (2013)

e Zipf’s law
® Pareto distribution with tail index ~ 1 a decent approximation
® a stationary distribution a natural result of random growth
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Baseline model
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Theory of production

Standard neo-classical aggregate production function:
Y = AK“L'™ a € (0,1)

where Y is GDP, K is capital stock, and L is labor, and A is
the total factor productivity (TFP).

Possible interpretation: constant returns at the individual firm 4
with competitive markets

Caveat: firm heterogeneity is ruled out

® slight difference in A; would shut down all firms except for one
® more productive firm takes the market

Reasonable to think that the aggregate production function is a
sum of heterogeneous firms

® productivity, size, age (life-cycle), product variety, international
dimension, market power
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Modelling firm heterogeneity

¢ Option 1: maintain the assumption of competitive markets and
assume decreasing returns at firm level

Y=Y V=) A(K’LI )" ac(0,1),n€(0,1)

e Option 2: introduce differentiation across products 7 and
monopolistic competition

() - (i) oo

%

® Option 3: introduce frictions in the factor markets that limit
factor accumulation

® firms expansion constrained by hiring frictions, credit
constraints, ...
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® Hopenhayn H. 1992. “Entry, Exit, and Firm Dynamics in Long
Run Equilibrium”. Econometrica. Vol. 60, No. 5, pp.
1127-1150

® Workhorse model of industry dynamics

® Decreasing returns to scale at firm level

® Individual dynamics: firms enter, grow, decline, and exit
® Partial equilibrium

® Focus on steady-state: wages and prices are constant

® Competitive firms, no strategic interactions
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Model

Time is discrete

Wage is the model numeraire (w = 1)

Output price p endogenous

Endogenous measure of heterogeneous firms

DRS production function

Perfect competition in product and labor markets

No aggregate risk

Idiosyncratic risk: firm productivity follows a Markov process
Entry-exit dynamics

Fixed cost to enter

Fixed cost to operate each period

® Partial equilibrium: exogenous industry demand
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Heterogeneous firms

Firms differ in productivity z

Firm-level output
f(z,n) =2n% a€(0,1)
Static firm-level profits

m(z;p) = nax pf(z,n) —n —co

where ¢, denotes per-period operating costs.

Let n(z;p) denote optimal employment

1

n(z;p) = (paz)i-=

Let y(z;p) = f(z,n(z;p)) denote associated output
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Problem of the incumbents

® Incumbents enter the period with states z_;

e Exit decision:
® if stay, firms draw new productivity level z ~ I'(z|z_1)

® Employment decision (conditional on staying)

® choose new employment level n conditional on z
® pay operating costs ¢, and produce y(z;p)*
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Problem of the incumbents

e V(z;p): value function for firm in states z and aggregate price p

1

V(zip) = m(z;p) + mﬁ(zr;p)

where

0(2;p) = max {07 > V(Z’;p)F(Z’!Z)}

Z/

® Solution to this problem is policy function for optimal exit:

1%(z;p)

® An exit productivity threshold z* exists such that:

S VL) =0
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Problem of the entrants

Potential entrants are ex-ante identical

New entrants M > 0 pay c. and enter

Draw productivity level z from a distribution I'¢(2)
Start producing next period

Free entry condition:
1
v(p) = Tor XZ:V(Z;P)FQ(Z) < ce

with equality if M > 0.
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Evolution of distribution

e Let u(z;p) be the measure of firms over individual state z
when the goods price is p at time ¢

e FEvolution of distribution over time:

w1 (25 pe) = Ti(pa (23 pe) s My, pr)

where

Ty (pe(z; 1), My, py) = Zwt(zl|25pt)dﬂt(z;pt) + M;T(2)

and
(2 2500) = T('|2) (1§ (23p¢) = 0]

denotes the transition function from the states z to 2’
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Industry demand and supply

Industry demand curve exogenous: Y¢(p) =Y

Industry supply curve endogenous:

YE(p) =Y u(zp)m(zp)

Inelastic labor supply function: ij =1

Industry labor demand, endogenous,

Li(p) =) [n(z;p) + coluu (2 p) + Mic,

z
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Equilibrium

A recursive stationary equilibrium for this economy is characterized
by a measure of entrants M*, a distribution of incumbent firms
w*(z;p), a price p* and a productivity threshold z* such that the
following four conditions hold:

e Optimality: Vz < z*, 1%(2) =1
® Free-entry v° = c;
* Goods market clearing: Y;*(p*) = Y,4(p*);

e Labor market clearing: L¢ = L (p*);

Aggregate consistency: p*(z;p*) = T(u*(z;p*), M*, p*).
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Mechanism

Static version of the model

Once-and-for-all productivity draw z ~ I'*(z), which stays fixed
over time, and once-and-for-all endogenous exit

Static profit maximization problem
m(z;p) =max pzn® —n—c,
n

Solution:
® labor demand: n(z;p) = (apz)ﬁ

a

® output: y(z;p) = aT-a (pz)T-=

® profits: m(z;p) = [aﬁ _ aﬁ](pz)ﬁ — e
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Mechanism

® Value of an incumbent:

t=0

® Two equilibrium conditions:
® Exit condition: mw(z*;p) =0

® Free entry condition:

® 1 v(z;p)T(2) = Z 7T<Z§p>re(z)

R
z
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Mechanism

Express p as a function of z* using the exit condition:

Plug p into the entry condition:
¢ Z<<z>1ia 1>I‘e()
r— = — — z
Co 2>z* z

Increase in ¢, (or decrease in ¢,) reduces the productivity cutoff
z* and increases p

Larger entry barriers weaken the selection effect and allow more
unproductive firms to operate
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Calibration
® Period model of 1 year

¢ Productivity follows an AR(1) process in logs:

logz = plogz+¢€ € ~N(0,02)

® Baseline parameters:
® Interest rate: r = 0.01
Employment elasticity: a = 0.78
Operating cost: ¢, = 10
Entry: c. = 80
Aggregate demand: Y¢ = 500 (inelastic to aggregate price)
AR(1) process: p=10.995,0 = 0.14
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Comparative statics

What happens if we increase the entry cost c.?

Entry costs: ¢./Y 0.36 0.41 0.46 0.50

Price 1 1.162  1.247  1.316
Output 1 1.448  1.728  1.989
Profits 1 1.453 1.732  1.993
# firms 1 0.676 0.5620 0.485
Firm Size 14.429 24.295 31.081 37.799
Exit rate 47711 44.422  43.072  42.191

Productivity threshold 1 0.741  0.652  0.598
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Comparative statics

Increase in entry costs ce:
® decreases exit productivity threshold — less selection!
¢ decreases number of firms and exit rate

® increases prices

Two contrasting effects on firm-size

® price/value effects: higher ¢, increases prices, which leads to
higher output and employment

e selection effects: higher ¢, reduces productivity thresholds,
keeping low-productivity firms in the industry

If the density of firms near the exit point is very small, the first effect
will dominate and the average value and profits increase with c,.
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Comparative statics

What happens if we increase the operating cost ¢,?

Operating costs: ¢,/Y  0.04 0.08 0.13 0.20

Price 1 1.027 1.086  1.158
Output 1 1.165 1.532 1.8160
Profits 1 1.125 1.369 1.526
# firms 1 0.881  0.696  0.547
Firm size 14.429 17.270 24.010 33.337
Exit rate 47.711 51.761 57.402 61.217

Productivity threshold 1 1.408  2.159  2.791
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Comparative statics

Increase in operating costs, c¢,:
® increases exit productivity threshold — more selection!
® decreases number of firms
® increases entry/exit rate
® increases prices
As the ¢, increases, the profit function changes, pushing profits

down for every state. Productivity thresholds need to increase to
maintain free-entry.
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Some numerical methods
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Numerical methods

¢ Productivity follows an AR(1) process in logs:
logz = plogz+¢€ € ~N(0,02)

¢ Discrete approximation: n-state Markov chain (Z,T",T°¢)
® number of grid points n
® support for productivity, Z = [z1, 22, ...2n]
® transition function, I'(z|z;), i.e.

fll f12 fln
fnl fn2 fnn

with 0 S fji S ]., V’i,j, and Zi fij = ]., V] and
fis =Prl’ = zi|z = 2]

® ergodic (stationary) distribution, I'*(z;) = [ff, ... f£]
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Numerical methods
® Transitional dynamics

® Distribution follows a deterministic difference equation

® Start from an initial distribution fy at ¢ = 0, where
foi= Pr[zg = 2z],Vi=1,...,n
® At time t =1,

fl,l fll f21 fnl fO,l
fl :F,fO — f1,2 _ f12 f22 fn2 fO,Z

fl,n fln f2n fnn f07n
® At timet, f; = (I") i1 = fo = (I')" fo

e Stationary distribution:

® Steady state of the difference equation
fe:F/fe:>(I_F/)fe:Q

® Existence: ' has only one unit-eigenvalue
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Numerical methods

® Tauchen G. 1986. ”Finite state markov-chain approximations to
univariate and vector autoregressions.” Economics letters.
Vol.20 N.2 pp. 177-181.

e The AR(1) process generates the following conditional
probabilities

Flailz) = 1 ¢<logzi—(1—p)logzj>

Olog 2 Olog z

where ¢ is the PDF of the standard normal distribution

e If |p| < 1 then a unique, stable stationary distribution exists
where

O¢

—p

2
Ulogz - 1 2
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Numerical methods

Choose boundaries for productivity as a multiple m of the
variance (usually m = 3)

Set z, = maﬁ)gz
By symmetry of the normal distribution, set z; = —z,

Let z9, 23, ....2,_1 be located in a equispaced manner over the
interval [z1, 2]

Compute probability that 2’ falls within a distance d from each
point in the grid, i.e.

fij =Pr(zi —d/2 <2 <z +d/2)
=Pr(z —d/2 <pzj+e<z+d/2)
=Pr(z —pzj —d/2 < e <z —pzj +d/2)
— (i — pzy +d)202) — F(ei— pz — d/2]2))
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Numerical methods
Suppose productivity follows n—state Markov chain on z; with
transition probabilities f;;

Given price p, the value function for the incumbent firms is a
n—vector with elements equal to

v1(p) m1(p) max {0, > 17, vi(p) fir}

va(p) | _ |me(p)| 1 fmax{0,35L, vi(p)fi}
1+r

vn(p) Tn(p) max {0, Y, vi(p) fin}

Stacking the values into a vector v, this is a mapping of the form

v(p) =T(v,p)

A solution v*(p) is fixed point of T', i.e. a function such that:
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Numerical methods

® Definition: A function 7" on a metric space X with a distance
function d : X — R is a contraction mapping if there exists
non-negative real number 0 < k < 1 such that, for some
xz,y € X:

d(T(x),T(y)) < kd(z,y)

® Blackwell’s theorem: A function T : X — R is a contraction
mapping if the following two sufficient conditions are satisfied:

® monotonicity: given a real number, x € R, and two functions
fyg € M, with h(x) < g(z),

T(h(x)) < T(g(x))

® discounting: there exists some 8 € (0,1) such that for any
function h € M

T((h+a)(x)) <T(h(z))+Pa a>0,z€X.
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Numerical methods

e (Contraction mapping theorem: If a function T': X — R is a
contraction mapping then there exits a function v* such that
v* =T (v").

Moreover, the solution is unique and can be found using an
iterative method:
® Set a tolerance level, € = ¢~ %,
Fix p. Guess some initial v° = [0, 09, ...00].
Compute v!(p) = T(v°,p). Use v!(p) as a new guess.
After k iterations: v**1(p) = T'(v*, p)

Stop if [vF*+1(p) — v*(p)| < e.
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Numerical methods

e Given v*(p), the productivity threshold for exit z* can be
obtained as:

25 = zx —mln Zv )fij >0

e All firms with z; < 2z exit, all firms with z; > z;+ continue

1 if 2z < 2z

[ ] i 1 T =
A solution is a vector 17 (p) { 0 otherwise
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Numerical methods

e Given v*(p) that solves incumbent’s problem, value of entry is

) = T YW

j=1
e Equilibrium price p* is determined by the free-entry condition

1

1+7“j:1

U;(p*)f; = Ce

e Notice that v¢(0) < 0 and v¢(p) is monotonically increasing in
p, hence any interior solution p* can be found using bisection

® if v¢(p) > ¢ then reduce price to discourage entry
® if v¢(p) < ¢, then increase price to encourage entry
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Computation

Step 0: discretize productivity state-space
Step 1: guess a price pg

Step 2: solve for the value of the incumbent, v(z;p°%). A
solution to this problem implies an optimal exit rule, 1%(z;p")

Step 3: compute the value of entry, v¢ and check if free-entry
condition is satisfied:

® if no, make a new guess p; and go back to step 2 till convergence
® if yes, store p* = pg
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Computation

® Step 4: given p*, solve for the stationary distribution of
incumbents p(z; p*) and measure of entrants M¢
® guess measure of entrants M
® calculate the stationary distribution p(z;p*, M§)
® given pu(z;p*, M§), compute total industry supply and check the
if market clearing condition is satisfied:
® if no, make a new guess M7 and go back to step 4 till

convergence
® if yes, store M®* = M°
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Computation

Steps 4 can be speeded up exploiting the property of linear
homogeneity of the function pu(-) with respect to M

Let p; = pe(2;) be the share of firms with productivity z;
Vector p; evolves according to difference equation
p1(p) fu(l=1¢(z130) o fa(1=18(2150))] [H12-1(D) IT
pza(p) | _ | fi2(1 =17 (225p)) o fr2(l =17 (22:p)) | | p2e-1(p) M 15
un;;-(p) fm(lfvlnf(zn;p)) oo Jan(1 =17 (25 p)) un,til(p) fﬁ

Impose stationarity: pu(p) = ui—1(p) = p(p)
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Computation

® Re-write in matrix notation the function p, i.e.

p(p, M) = ¥ (p)p(p) + MT*®
¢ Solution of g defined up to a value for M:

pu(p, M) = M1~ ®(p))~'T°
e Homogeneity of first degree:

u(p, M) = Mpu(p,1)
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Computation

e Compute equilibrium M using market clearing condition

® Supply is endogeneous: Y i, y(zi;p*)pi(p*, M)
® Demand is exogenous (partial equilibrium): Y
® Equating demand and supply:

> y(zip ', M*) =Y

i=1
n
D y(zip )M p(p™,1) =Y
i=1
which implies
Y
M* =

S y(zisp* ) s (p*, 1)
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Computation

What if corner solution, i.e. M = 07 No entry/exit dynamics

The stationary distribution of firms just given by stationary
distribution of Markov chain, i.e.

p(zip) =Y T(Z|2) = u(z)

Stationary distribution independent of p - no need to use free
entry condition!

Solve for p* using the market clearing condition, i.e.

Yipr) =Y
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